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Turbulent Exchange of Mass and 
Momentum with a Boundary 

THOMAS J. HANRATW 
Univonity of Illinois, Urbona, lllinon 

Visual observations by Fage and Townend of the behavior of a turbulent-flow stream 
near a boundary and experimental data by Lin, Moulton, and Putnam of concentration 
profiles near a boundary contradict the commonly held concept of the “laminar sublaper.” 
A model developed by Higbie and Danckwerts which is consistent with the visual obser- 
vations of Fage and Townend is used to describe the exchange of mass and heat between 
a turbulent fluid and a solid surface. It is postulated that masses of fluid are continuously 
moving to and from the wall. The exchange process then depends on the average contact 
time of these fluid masses with the wall. 

The agreement of the concentration profile predicted on the basis of the proposed model 
with experimental mass transfer data where the exchange process is rate controlling 
lends support to the usefulness of the model. No equivalent data are available for velocity 
profiles. Velocity data represent a condition where the transport process within the fluid 
is playing an important role; however, in the immediate vicinity of the wall the proposed 
model might serve as a rough approximation of the profile. Such an approximation is made 
in this paper, and the agreement obtained is much better than should be expected. 

That  rates of momentum, heat, and 
mass transfer in a turbulent field are very 
much smaller in the vicinity of a surface 
than in the main body of a fluid has been 
recognized for a long time. I n  order to 
explain this phenomenon i t  has been 
postulated tha t  there exists a thin non- 
turbulent layer of fluid adjacent to the 
wall. In  this “laminar sublayer” momen- 
turn, heat, and mass are transported by  
random motion of the molecules rather 
than motion of macroscopic masses. As 
would be predicted by such a model, 
velocity-profile data  extrapolate t o  a 
linear relationship between the velocity 
and distance in the vicinity of the wall. 
If, as is commonly assumed, the edge 
of the laminar sublayer is at the  point 
where the velocity da ta  deviate from 
linearity, its thickness may be calculated 
from the following empirical equation: 

Fage and Townend (1) studied the be- 
havior of fluid in the immediate vicinity 
of the wall by examining under the ultra- 
microscope the motion of dust particles 
in  turbulently flowing water. The  con- 
ditions of their experiments were such 
tha t  the laminar-sublayer thickness as 
calculated by Equation (1) was about 
0.03 in. Theis experiments gave no 
evidence of the existence of a region 
possessing rectilinear motion. The  follow- 
ing is a description of the flow very near 
the boundary given by Fage and Tomn- 
end : 

With this magnification particles with a 
distance of 0.001 inch (0.0023s) from the 
surface were in focus. The view obtained 
sliowcd a large number of partides mov- 
ing in sinuous paths, nnd a few very 
slow particles which in the absence of a 
hairline in the eyepiece tippeared to be 
moving in rectilinear paths. . .. The slow- 
est particles seen were thercfore moving 
with a mean velocity of about 0.00G fcct 
per second, and since thc grndicnt 

A.1.Ch.E. Journal 

d(V/V , ) /a (n / s )  a t  the surface waa 
roughly 14, the distance of these particles 
from the surface was of the order of 
1/40,000 inch. -4ttention could therefore 
be confined t~ the motion of particles at 
this distance from the boundary. 
It wm first thought that these particles 
were moving in rectilinear paths, but it 
was noticed that their axial motions were 
frequently jerky (u, comparable with V, 
see later), and that sometimes they 
almost came to rest. A hairline was then 
inscrted in the eyepiece of the microscope, 
and it subsequently appeared that all 
such particles moving near the hairline 
usually crossed and recrossed it several 
times. A considerable time wt18 spent in 
observing these particles arid the impres- 
sion formed was that no particle was ever 
seen about whivh it could be said with 
conviction that its motion was rectilinear. 
I n  addition to these very slowly moving 
particles other faster particles could be 
observed a t  the same time on account of 
the finite thickness of fluid (0.001 inch) 
aithin the focus of the microscope. It 
occ:isionally happcned that a group of 
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these particles made unusually large fer data  over a wide range of Schmidt the surface layers of a fluid inass which 
lateral excursions, and it was always ob- numbers Tin, Moulton, and Putnam (2),  comes in contact with the n-all and then 
served that on these occa~ions the SlOWlY as well as Deissler (3),  had to introduce averaging the effect of all ni:isses which 
moving particles appear to shift turbulence into the laminar sublayer. will cwme in contact with the wall to 
Iatera1ly to Other paths ‘lightly removed Visuiil observations of fluid behavior ca1cul:itc the exchange rate betn-een the from their previous ones. Sometimes two 
or slol,.ly nloving particlf,s, often near a boundary and experimental data  fluid :mtl the surface. 
,vide]y separat(:d, were observed to on rates of turbulent mass transfer and If there is very little motioil in surface 
in [;tt:p, alld tile t~i10le upp(saranc(! sug- on concentration profiles, therefore, indi- laycis of the fluid contacting the wall, 
gestcd th:lt the violwit motion in the cate either that  the laniinar sublayer is then inass will be trmsferrtd through 
faster moving fluid drugged t,hc whole much thinner than has commonly been thcsc layers by molecular difyusion and 
surface layer l>o(iily sideways. I t  should assumed or that  it is nonexistent. If the Ficli’s I:iw d l  be :tpplicablc: 
follow that smiilfcr lateral motions would first alternative be true, of tern- 

a e  ?Y- 
might do so to a n  extent too s m d  to be through it mould be small and the sub- observed, \yith the result that thc flow 
during the irltcrvals between these e.ycur- layer For the data  of Lin, RIorilton. and I’ut- sions would appear to bc i n  rectilinear resistance. 
motion, I t  also follow that below I n  either case i t  appears as if i t  might nan’ the Schmidt high. 
the critical speed, where no fluctuations be profitable to  examine ot.her models Momentum is therefore transl)c)rted much 
in the motion were observed, the flow at for explaining the turbulent exchange of more n’:lss and fo!egoing 

turbulent flow u (velocity perpendic:ulur At h id l  Schmidt numbers tile concen- 
to the boundary) is small but presumably tration changes from the midstream value 
finite near the boundary (except of course to a n  equilibrium valuc with the wall in 
a t  the boundary), and the jerkiness of a very short distance. For the experi- 
thc axial motion due to the large fluctua- ments of Lin, Moulton, and Putnam, 
tions in ,,.ill be :Issociatc:d with the Townend with the visual has hen observation formulated of by Fage Danck- and this was less than 1 mm. Therefore it combined effect of very small changes in 

werts (4). It was first proposed by will be assumed that  the concentration u and thc large vc1ocit.y gradient (d7!/dy) 
at  the boundary. Higbie (5) to explain transfer in of diffusing substance iri a fluid mass 
Further evidcnce that in turbulent flow approachina the be ulliform and 
the fluid near tht: surface moves in relu- theory, the fluid in the immediate equal to  the midstream concentration. If 
tively large masses was obtained during the contact time is small enough, then 
thc experiments with the rotating objec- laminar layer but is discont,inuous. the extent of the fluid mass in the 
tive now to be described. y direction will not be important. Solu- 

Another contradiction of tile for a semiinfinit‘ medi‘lln may be 
used. IVith the following boundary con- 
ditions assunled 

(3) 
also draK the surfacc hyer sidewavs, but pcrature, concent,r:ttion, alld velocity 

. a c .. = I) d2C . ~ ;  

unimportant as a transfer 

the surface should be rectilinear. In  heat, mass, and momentum with a solid assumption is problibly 
surface or for describing the resistance to 
transfer in tile region commonly 
to the laminar 

one such model which is consistent 

two-phase systems. According to this 

vicinity of the R,all is not a continuous 

M~~~~ of  fluid are pictured as moving 
to  and from the wall, causing a continual 

accepted concept of the laminar sublayer change of the fluid in contact with the 
is reflected in a recent correlation by ~ i ~ ,  wall. The exchange of heat, mass, and 

data, ant1 of concentration profiles near visualized as occurring in the following 

electrodes. The authors carried out experi- with the wall 3nd its s ~ f a c e  layer 

metal from cadmium sulfate solution dition with the wall (same temperature, 
onto a thin layer of fresh mercury sup- equilibrium concentration, zero velocity). 

Exchange of momentum, heat, and mass ported on a smooth silver plate. The  
concentration distribution near the sur- with the wall occurs. Just  as with the 
face of the electrode was measured by  unsteady heating or cooling of a block of 
means of light interference with a Mach- metal, the  rate of exchange between this 
Zehnder type of interferometer. hfeasure- fluid mass and the wall decreases with 
merits were carried out in a rectangular time. Eventually the mass of fluid is 
chamber under conditions such that  the replaced and the whole process repeated. 
Reynolds number varied from 4,000 t o  The  corltact time of these masses of 
12,400. The Schmidt number was 900. fluid with the wall will v:W* The  smaller 
Owing to  the high Schmidt number the the 3\’el’%e contact time of all masses of 
concent.ration of cadmium ions was essen- fluid coning in corltact with the \Val& 
tially constant throughout the fluid and the larger will be the m e & ~ r e d  exchange 
dropped from its main-stream value to  rate with the wall. 
zero at the wall within a space of less This Paper has been written t o  show 
than 1 mm. The concentration profile how such a model might be used t o  de- 
mas thus greatly dependent on conditions Scribe the measured concentration Pro- between ant1 + & is 
in the region described by Equation (1). files Of Lin, ~IOUkOn, and Plltnam. It 

explain these measurements on the basis Profiles are not ContradictorY to  the 
of a sublayer in  laminar motion, assumed model. However, much more stringent 
tha t  turbulence exiskd in the laminar assumptions must be made in  the treat- 
sublayer in IVhich the eddy diffllsion co- Dent  Of thC Ve10citJ7-prOfilC data. 
efficient could be described approximately 
by the expression 

Moulton, and I’utnam (2)  of mass transfer momentum with the wall maY then be y = 0 c = c,,, 
the surface of concentration-polarized manner. A mass of fluid comes in contact ? / = a  C = C ,  

men& on the deposition of cadmirlm immediately assumes a n  equilibrium con- e = o  c = c L  
Equation (3) may be solved for the 
concentration distribution and the rate 
of mass transfer (6): 

2dne c‘, - C,v 

Equations (4) and ( 5 )  give the concen- 
tration tlistribution and the instnntaneous 
rate of mass transfer for a fluid mass 
which has &n in contact with the wall 
for a time 0. For fluid masses having total 
contact lifetimes with the wall equal to 
e,, the probability for a cOllt:\Ct time 

(6) 
The authors, finding i t  impossible to will also be shown that  measured velocity d e  +(el de  = - 

8, 
If all fluid masses had a contact lifetime 
of O,, tlieii the measured concentration 
profile :ind rate of mass transfer would be 

(I - <.‘,I DISCONTINUOUS-FILM MODEL 

Mathematical Formulation 
(2) Mathematical formulation of the dis- 

continuous-film model will be accom- = lc err (-L) @ (7) 
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Likewise in the correlation of mass trans- plished by first considering the history of 2 4 1 ~  8, 



Actually, however, there will be a varia- 
tion in thc contact lifetime which must 
be takcn into account. If the probability 
that a fluid mass possesses a lifetime 
between 8, and 0, + d8, be defined as$  
a%,, Equations (7) and (8) may be 
summed to give the actual measured 
average concentration distribution and 
transfer rutc. 

c - C," 
c, - c, 

(10) 
A mass transfer coefficient may be defined 
in the following manner: 

K = ~- NA 
c,, - C w  

Application to Measured Concentration Profiles 

Use of Equations (9), (lo), and (11) 
depends upon the evaluation of the prob- 
ability function, 4(OC), which has been 
assumed to have thc form 

'4(ec) ,= Ae-"'/''" (1 2) 
where A and 7 are constants. The con- 
stant A may be evaluated in terms of r 
from the relation 

lm d e , >  do, = 1 (13) 

I " " " " ' I ' ' 1  

u CCM X 102) 

Fig. 1. Comparison of theory with measured 
concentration profiles. 

Fig. 2. Comparison of theory with measured 
velocity profiles. 

The constant r may be evaluated from 
experimental measurements of the mass 
transfer coefficicnt K .  Table 1 presents 
the final form of a number of assumed 
probability functions for thc age of the 
fluid masses. Form 1 represents the case 
in which the contact times of the fluid 
masses coming to the wall are of such a 
small range that their effect can bc cal- 
culated by considering all thcse masses 

TABLE 1. PROBABILITY E(ONCTI0h.S REPRESENTIKG THE DISTRILl7~TIOS OF E D D Y  A G E S  

Probability From 
function Equation (26) 

From 
Equation (21) 

1. 8,  = coiist.ant 

2. Ae-'"' 1 A = -  
7 

K = $  D 
K 2  

r = -  

TABLE 2. EFFECT OF ASSUMED EDDY AGE 
PRORARIJ.11Y FCNCTION IJPON CAI,Ct--' 

W T I O N  O F  (c - C,)/(c, - c,) 
Measured (C - C,)/(C, - C,) = 0.59 

cm. 
Proba t d i  ty Calculated 

(1 )  y = 0.50 X 

function 

to have the same 8,. For this case the 
concentration profile mity bc calculated 
by Equation (7). The contact time 8, 
may be evaluated from data on K by 
the equation presented in Table 1. 

Equation (9) was used to calculate the 
concentration profile for test 87 of Lin 
et sl. Data for K presented by Deissler (3) 
were used. The calculstions and experi- 
mental measurements are presented in 
Figure 1. Only thc probability functions 
represented by forms 1 and 2 of Tnblc 1 
were used in the graph. The particular 
probability function used did not appear 
greatly to affect thc calculated profile. 
This is illustrated in Table 2 whcre cal- 
culated values of (C - C , ) / ( C ,  - C,) 
at y = 0.50 X 10-2 cm. are presented 
for differcnt assumed-probability func- 
tions. 

The agreement between the prcdicted 
and measured values, as presented in 
Figure 1 , indicates that the discontinuous- 
film model supplies a satisfactory repre- 
sentation of tlicse data. The agreement, 
in fact, is quite gratifying, as no arbitrary 
constants were uscd in the calculation. 
The profiles were predictcd cntirely from 
experimental values of K .  This, of course, 
does not prove that thc discontinuous- 
film model is a description of nctuality. 
It shows only that it is a model which 
gives a better description than the laminar 
sublayer of the data of Tin, Moulton, 
and l'utnam (2)  and which is not in 
contradiction to thc visual observations 
of Fage and Townend (1). 

Sinrc one of the arguments in support 
of the 1:iniinar-sublaycr concept is the 
prcdiction of velocity data, it  would be 
desirable to examine the reasonableness 
of the discontinuous-film model in light 
of these data. Such an examination pre- 
scnts dificulties which cannot be entircly 
overcome, but after some simplifying 
assumptions are made it map be nt- 
tempted. Thc results of the comparison 
will be prescnted not to support the 
discontinuous-film model but only to 
show that velocity-profile data are not 
in contradiction to it. 

COMPARISON OF VELOCITY DATA 

The prediction of velocity data in the 
immediate vicinity of the wall on the 
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basis of the discontinuous-film model ie 
handicapped for the following reaaons. 

1. Under the conditions under which 
all the velocity data have been obtained, 
the rate of transport of momentum to 
the vicinity of the wall is important. The 
exchange of momentum with the wall is 
not controlling. The velocity does not 
increase to the free-streani velocity in 
the region commonly ascribed to the 

-laminar sublayer. It is therefore difficult 
to ascribe an average velocity to the 
fluid masses arriving at the wall. 

2. The average velocity measured a t  
any point in a turbulent field represents 
contributions of eddies of different fre- 
quencies. The probability of any indi- 
vidual eddy having a particular velocity 
will depend on its frequency. Conse- 
quently, the velocity of a mass of fluid 
arriving at the wall will probably be 
dependent upon the amount of time 
during which the mass will be in contact 
with the wall. This presents a degree of 
complication over the description of the 
mass and heat transfer processes, as to 
describe the phenomenon accurately a 
double probability function would be 
needed, expressing the probability that a 
masa of fluid will have a velocity between 
UL + duL and a contact time between 0, 
and 0, + do,. 

3. The model proposes only to describe 
the exchange of momentum with the wall. 
The diffusion of momentum to the wall 
is probably governed by a more complex 
process than is represented by the model. 
Consequently predicted velocity profiles 
in the vicinity of the wall should be 
regarded only as a first approximation. 

In order to circumvent these difficulties 
the following assumptions will be made. 

1. The wall exchange process on the 
average can be represented by the motion 
of masses of fluid possessing a fixed 
velocity uL and a fixed wall-contact 
time 8,. 

2. The transport of momentum within 
any one of these m a w s  can be repre- 
sented by the equation 

(14) 

By use of the boundary conditions 

y = o  1 c = o  

y =  m ZL = l l L  

e = o  u = u L  

Equation (14) may be solved to give the 
velocity distribution and the instan- 
taneous rate of momentum transfer with 
the wall for a fluid mass which hns been 
in contact with the wall for a time 0 (6). 

Now the probability for a fluid mass to 
have been’in contact with the wall for a 
time between 8 and 0 + dB is 

Averaging the effect of all masses in 
contact with the wall gives the predicted 
measured velocity distribution and the 
predicted measured rate of momentum 
transfer to the wall 

I 

By use of Equation (18), the expression 
for the velocity distribution, Equation 
(17), may be put into a form which can 
be compared with experimental data: 

U 

Equation (19) gives a first approximation 
of the velocity profile in the vicinity of 
the wall based on the discontinuous-film 
model using the assumptions outlined in 
this section. Essentially i t  embodies one 
arbitrary constant, uL/ &Tp.  

In  order to carry out a comparison with 
experimental data it has been assumed 
that 

(20) 
U L  -- 

d7o/p - 13*5 
This expression arises from a considera- 
tion of measurements of velocity profiles 
(2 and 3). When these data are plotted 
on semilog paper two distinct regions are 
noted. The major portion of the data fall 
on a straight line. However, very close 
to the wall there is a break from this 
linearity. The portion of the field repre- 
sented by the straight line has usually 
been referred to as the turbulent core and 
the nonlinear region has been referred 
to as the buffer layer and the laminar 
sublayer. It seems reasonable to assume 
that the latter region is the one over which 
the influence of the wall is felt. Therefore 
the fluid masses moving against the wall 
have been assumed to possess a velocity 
equal to that at the break point. This 
break point occurs a t  y+ = 30 and the 
value of u/ dTp represented by Equa- 
tion (20). 

Substituting Equation (20) into Equa- 

tion (19) results in the following relation 
between u+ = u/ .\/x and y+. 

Owing to the boundary conditions se- 
lected, u = uL at y = m, one would 
expect the foregoing expression to hold 
only for values of y+ much less than 30. 

Equation (21) has been plotted in 
Figure 2 along with experimental data 
presented by Deissler (3) .  The agreement 
is far better than would be suspected. 
Actually even better agreement would 
have been obtained by use of a larger 
value of ul,/1/7,1p in Fquation (19). 

N O T A T I O N  

C = concentration 
CL = concentration of diffusing ma- 

terial in fluid mass before contact 
with the wall 

Cw = concentration a t  the wall 
d = pipe diameter 
D = molecular diffusion coefficient 
j = Fanning friction factor = 

K = mass transfer coefficient = 
4So/(f/u,uo2) 

N ” / ( C L  - Cw) 
N A  = rate of mass transfer per unit area 
Re = Reynolds number = (dCrop)/p 
2s = length of side of square pipe 

U o  = average fluid velocity 
uL = velocity in axial direction of fluid 

mass before contact with the wall 

y = perpendicular distance from the 

u, L‘ = velocity in axial direction 

u+ = u/ d ( 7 0 g c ) / p  

Y+ = Y d ( r C Q c ) / p  PIP 
wall 

= thickness of laminar sublayer 

0, = total time for which a fluid mass 
had been in contact with the wall 

p = fluid viscosity 
p = fluid density 
r = constant appearing in distribu- 

tion function 

0 = time 

ro = shcar stress at the wall 
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