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Turbulent Exchange of Mass and

Momentum with a Boundary

Visual observations by Fage and Townend of the behavior of a turbulent-flow stream
near a boundary and experimental data by Lin, Moulton, and Putnam of concentration
profiles near a boundary contradict the commonly held concept of the ‘‘laminar sublayer.”
A model developed by Higbie and Danckwerts which is consistent with the visual obser-
vations of Fage and Townend is used to describe the exchange of mass and heat between
a turbulent fluid and a solid surface. It is postulated that masses of fluid are continuously
moving to and from the wall. The exchange process then depends on the average contact

time of these fluid masses with the wall.

The agreement of the concentration profile predicted on the basis of the proposed model
with experimental mass transfer data where the exchange process is rate controlling
lends support to the usefulness of the model. No equivalent data are available for velocity
profiles. Velocity data represent & condition where the transport process within the fluid
is playing an important role; however, in the immediate vicinity of the wall the proposed
model might serve as a rough approximation of the profile. Such an approximation is made
in this paper, and the agreement obtained is much better than should be expected.

That rates of momentum, heat, and
mass transfer in a turbulent field are very
much smaller in the vicinity of a surface
than in the main body of a fluid has been
recognized for a long time. In order to
explain this phenomenon it has been
postulated that there exists a thin non-
turbulent layer of fluid adjacent to the
wall. In this “laminar sublayer” momen-
tum, heat, and mass are transported by
random motion of the molecules rather
than motion of macroscopic masses. As
would be predicted by such a model,
velocity-profile data extrapolate to a
linear relationship between the velocity
and distance in the vicinity of the wall.
If, as is commonly assumed, the edge
of the laminar sublayer is at the point
where the velocity data deviate from
linearity, its thickness may be calculated
from the following empirical equation:

&__5_\/5
d  ReNf

Vol. 2, No. 3

(1

Fage and Townend (7) studied the be-
havior of fluid in the immediate vicinity
of the wall by examining under the ultra-
microscope the motion of dust particles
in turbulently flowing water. The con-
ditions of their experiments were such
that the laminar-sublayer thickness as
calculated by Equation (1) was about
0.03 in. Their experiments gave no
evidence of the existence of a region
possessing rectilinear motion. The follow-
ing is a description of the flow very near
the boundary given by Fage and Town-
end:

With this magnification particles with a

distance of 0.001 inch (0.0023s) from the

surface were in focus. The view obtained
showed a large number of particles mov-
ing in sinuous paths, and a few very

slow particles which in the absence of a

hairline in the eyepiece appeared to be

moving in rectilinear paths. ... The slow-
est particles seen were therefore moving
with a mean velocity of about 0.006 feet
per second, and since the gradient
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A(V/Ve)/d(n/s) at the surface was
roughly 14, the distance of these particles
from the surface was of the order of
1/40,000 inch. Attention could therefore
be confined to the motion of particles at
this distance from the boundary.

It was first thought that these particles
were moving in rectilinear paths, but it
was noticed that their axial motions were
frequently jerky (u, comparable with V,
see later), and that sometimes they
almost came to rest. A hairline was then
inserted in the eyepiece of the microscope,
and it subsequently appeared that all
such particles moving near the hairline
usually crossed and recrossed it several
times. A considerable time was spent in
observing these particles and the impres-
sion formed was that no particle was ever
seen about which it could be suaid with
conviction that its motion was rectilinear.
In addition to these very slowly moving
particles other faster particles could be
observed at the same time on account of
the finite thickness of fluid (0.001 inch)
within the focus of the microscope. It
occasionally happened that a group of

Page 359



these particles made unusually large
lateral excursions, and it was always ob-
served that on these occasions the slowly
moving particles would appear to shift
laterally to other paths slightly removed
from their previous ones. Sometimes two
or more slowly moving particles, often
widely separated, were observed to shift
in step, and the whole appearance sug-
gested that the violent motion in the
faster moving fluid dragged the whole
surface layer bodily sideways. It should
follow that smaller lateral motions would
also drag the surface layer sideways, but
might do so to an extent too small to be
observed, with the result that the flow
during the intervals between these excur-
sions would appear to be in rectilinear
motion. It should also follow that below
the critical speed, where no fluctuations
in the motion were observed, the flow at
the surface should be rectilinear. In
turbulent flow » (velocity perpendicular
to the boundary) is small but presumably
finite near the boundary (except of course
at the boundary), and the jerkiness of
the axial motion due to the large fluctua-
tions in » will be associated with the
combined effect of very small changes in
v and the large velocity gradient (817 /dy)
at the boundary.

Further evidence that in turbulent flow
the fluid near the surface moves in rela-
tively large masses was obtained during
the experiments with the rotating objec-
tive now to be described.

Another contradiction of the commonly
accepted concept of the laminar sublayer
is reflected in a recent correlation by Lin,
Moulton, and Putnam (2) of mass transfer
data and of concentration profiles near
the surface of concentration-polarized
electrodes. The authors carried out experi-
ments on the deposition of cadmium
metal from cadmium sulfate solution
onto a thin layer of fresh mercury sup-
ported on a smooth silver plate. The
concentration distribution near the sur-
face of the electrode was measured by
means of light interference with a Mach-
Zehnder type of interferometer. Measure-
ments were carried out in a rectangular
chamber under conditions such that the
Reynolds number varied from 4,000 to
12,400. The Schmidt number was 900.
Owing to the high Schmidt number the
concentration of cadmium lons was essen-
tially constant throughout the fluid and
dropped from its main-stream value to
zero at the wall within a space of less
than 1 mm. The concentration profile
was thus greatly dependent on conditions
in the region described by Equation (1).
The authors, finding it impossible to
explain these measurements on the basis
of a sublayer in laminar motion, assumed
that turbulence existed in the laminar
sublayer in which the eddy diffusion co-
efficient could be described approximately
by the expression

2

Likewise in the correlation of mass trans-
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fer data over a wide range of Schmidt
numbers Lin, Moulton, and Putnam (2),
as well as Deissler (3), had to introduce
turbulence into the laminar sublayer.

Visual observations of fluid behavior
near a boundary and experimental data
on rates of turbulent mass transfer and
on concentration profiles, therefore, indi-
cate either that the laminar sublayer is
much thinner than has commonly been
assumed or that it is nonexistent. If the
first alternative be true, change of tem-
perature, concentration, and velocity
through it would be small and the sub-
layer would be unimportant as a transfer
resistance.

In either case it appears as if it might
be profitable to examine other models
for explaining the turbulent exchange of
heat, mass, and momentum with a solid
surface or for describing the resistance to
transfer in the region commonly ascribed
to the laminar sublayer.

One such model which is consistent
with the visual observation of Fage and
Townend has been formulated by Danck-
werts (4). It was first proposed by
Higbie (5) to explain mass transfer in
two-phase systems. According to this
theory, the fluid in the immediate
vicinity of the wall is not a continuous
laminar layer but is discontinuous.
Masses of fluid are pictured as moving
to and from the wall, causing a continual
change of the fluid in contact with the
wall. The exchange of heat, mass, and
momentum with the wall may then be
visualized as occurring in the following
manner. A mass of fluid comes in contact
with the wall and its surface layer
immediately assumes an equilibrium con-
dition with the wall (same temperature,
equilibrium eoncentration, zero velocity).
Exchange of momentum, heat, and mass
with the wall occurs. Just as with the
unsteady heating or cooling of a block of
metal, the rate of exchange between this
fluid mass and the wall decreases with
time. Eventually the mass of fluid is
replaced and the whole process repeated.
The contact time of these masses of
fluid with the wall will vary. The smaller
the average contact time of all masses of
fluid coming in contact with the wall,
the larger will be the measured exchange
rate with the wall.

This paper has been written to show
how such a model might be used to de-
scribe the measured concentration pro-
files of Lin, Moulton, and Putnam. It
will also be shown that neasured velocity
profiles are not contradictory to the
model. However, much more stringent
assumptions must be made in the treat-
ment of the velocity-profile data.

DISCONTINUOUS-FILM MODEL
Mathematical Formulation

Mathematical formulation of the dis-
continuous-film model will be accom-
plished by first considering the history of
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the surface layers of a fluid mass which
comes in contact with the wall and then
averaging the effect of all masses which
will come in contact with the wall to
calculate the exchange rate between the
fluid and the surface.

If there is very little motion in surface
layers of the fluid contacting the wall,
then mass will be transferred through
these lavers by molecular diffusion and
Fick’s law will be applicable:

aC d*C
a0 7 oy ®)

For the data of Lin, Moulton, and Put-
nam the Schmidt number was high.
Momentum is therefore transported much
more rapidly than mass and the foregoing
assumption is probably valid.

At high Schmidt numbers the concen-
tration changes from the midstream value
to an equilibrium value with the wall in
a very short distance. For the experi-
ments of Lin, Moulton, and Putnam,
this was less than 1 mm. Therefore it
will be assumed that the concentration
of diffusing substance in a fluid mass
approaching the wall will be uniform and
equal to the midstream concentration. If
the contact time is small enough, then
the extent of the fluid mass in the
y direction will not be important. Solu-
tions for a semiinfinite medium may be
used. With the following boundary con-
ditions assumed

y=20 C=Cy

y= C=C,

6=20 C=C,
Equation (3) may be solved for the

concentration distribution and the rate
of mass transfer (6):
C - CW> < Y )
e ) = erf | —5 — 4
<(L — Cy 2\/ D¢ ( )

("VA) = (C, — Cw)\/l—) (5)

w0
Equations (4) and (5) give the concen-
tration distribution and the instantaneous
rate of mass transfer for a fluid mass
which has been in contact with the wall
for a time 6. For fluid masses having total
contact lifetimes with the wall equal to
6., the probability for a contact time
between 8 and 8 + df is

de

v(6) do = = (6)

If all fluid masses had a contact lifetime
of 6., then the measured concentration
profile and rate of mass transfer would be

(=
Cl, - Cu' 8.
Fe de
- f<_y.___>_ 7
fa vl e @
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e Dd
T R A N =
0 w0 6,

c w)\/gc (8)

Actually, however, there will be a varia-
tion in the contact lifetime which must
be taken into account. If the probability
that a fluid mass possesses a lifetime
between 8, and 6. + df. be defined as ¢
df., Equations (7) and (8) may be
summed to give the actual measured
average concentration distribution and
transfer rate.

C - CW
C.—C., (9)

f ¢(0)[ i f aeerf<2 \/_.>d0]d0
2(0’_ W)f ¢(0)\/7d0

(10)

A mass transfer coefficient may be defined
in the following manner:

Ni
€. —Cwn

2 f‘” \/7)'

—= 0.)4/7 do. (11
= |, #00yg de.
Application to Measured Concentration Profiles

Use of Equations (9), (10), and (11)
depends upon the evaluation of the prob-
ability function, ¢(6.), which has been
assumed to have the form

'¢(05) = Ae—(h/r)" (]2)

where A and 7 are constants. The con-
stant A may be evaluated in terms of 7
from the relation

2(Cy —

N4

K =

[ " 6(6)) do, = (13)
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Fig. 1. Comparison of theory with measured
concentration profiles.
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Fig. 2. Comparison of theory with measured
velocity profiles.

The constant 7 may be evaluated from
experimental measurements of the mass
transfer coefficient K. Table 1 presents
the final form of a number of assumed
probability functions for the age of the
fluid masses. Form 1 represents the case
in which the contact times of the fluid
masses coming to the wall are of such a
small range that their effect can be cal-
culated by considering all these masses

TaBLe 1. ProBaBILITY FUNCTIONS REPRESENTING THE DISTRIBUTION OF Ebpy AGEs

Probability From
function Equation (26)
1. 4§, = constant
8o/t 1
2. Ae™ A =-
r
3 2
3. Ae—(ee/'r) A = —"—
\/1r T
3 3
—(8c/1) _ =
4. Ae A= TT(L/3)
R 4
= —(8c/7) —
5. Ae A A
Vol. 2, No. 3

From
Equation (21)

D _ 4D
K= 2\( 0.r 0. = K
/D D
K = ;' T = Kg

ras) O, _ D1/}

g

_rwe B _ b [ram
K= ——_— 'rrK2 [ :I

T(1/3)

I(1/8)
I'(1/4)

I'(1/3)

D rl‘(l/S):l
K2 LT(/4)
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TaBLE 2. ErFecT oF AssuMeEp Eppy AGE
ProgariLity FrnerioNn Upon Cancu+
LaTION OoF (C' — Cw)/(Cyr ~ Cw)

Measured (C — Cy)/(Cy — Cw) = 0.59

(1) y = 0.50 X 102 cm.
Probability Caleulated
function C - Cw
C, — Cy
Constant Age 0.50
Ae~8e/7 0.64
Ae—(8:/m)2 0.66
Ae—(8c/m)2 0.66
Ae=8c/n)* 0.67

to have the same 6,.. For this case the
concentration profile may be calculated
by Equation (7). The contact time 8,
may be evaluated from data on K by
the equation presented in Table 1.

Equation (9) was used to caleulate the
concentration profile for test 87 of Lin
et al. Data for K presented by Deissler (3)
were used. The calculations and experl-
mental measurements are presented in
Figure 1. Only the probability functions
represented by forms 1 and 2 of Table 1
were used in the graph. The particular
probability function used did not appear
greatly to affect the calculated profile.
This is illustrated in Table 2 where cal-
culated values of (C — Cyw)/(C, — Cw)
at y = 0.50 X 1072 cm. are presented
for different assumed-proba.biljtv fune-
tions.

The agreement between the predxctcd
and measured values, as presented in
Figure 1, indicates that the discontinuous-
film model supplies a satisfactory repre-
sentation of these data. The agreement,
in fact, is quite gratifying, as no arbitrary
constants were used in the calculation.
The profiles were predicted entirely from
experimental values of K. This, of course,
does not prove that the discontinuous-
film model is a description of actuality.
It shows only that it is a model which
gives a better description than the laminar
sublayer of the data of Lin, Moulton,
and Putnam (2) and which is not in
contradiction to the visual observations
of Fage and Townend ().

Since one of the arguments in support
of the laminar-sublayer concept is the
prediction of velocity data, it would be
desirable to examine the reasonableness
of the discontinuous-film model in light
of these data. Such an examination pre-
sents difficulties which cannot be entirely
overcome, but after some simplifving
assumptions are made it may be at-
tempted. The results of the comparison
will be presented not to support the
discontinuous-film model but only to
show that velocity-profile data are not
in contradiction to it.

COMPARISON OF VELOCITY DATA

The prediction of velocity data in the
immediate vicinity of the wall on the
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basis of the discontinuous-film model is
handicapped for the following reasons.

1. Under the conditions under which
all the velocity data have been obtained,
the rate of transport of momentum to
the vicinity of the wall is important. The
exchange of momentum with the wall is
not controlling. The velocity does not
increase to the free-stream velocity in
the region commonly ascribed to the
“laminar sublayer. It is therefore difficult
to ascribe an average velocity to the
fluid masses arriving at the wall.

2. The average velocity measured at
any point in a turbulent field represents
contributions of eddies of different fre-
quencies. The probability of any indi-
vidual eddy having a particular velocity
will depend on its frequency. Conse-
quently, the velocity of a mass of fluid
arriving at the wall will probably be
dependent upon the amount of time
during which the mass will be in contact
with the wall. This presents a degree of
complication over the description of the
mass and heat transfer processes, as to
describe the phenomenon accurately a
double "probability function would be
needed, expressing the probability that a
mass of fluid will have a velocity between
%z, + duz and a contact time between 8,
and 8, + d4..

3. The model proposes only to describe
the exchange of momentum with the wall.
The diffusion of momentum to the wall
is probably governed by a more complex
process than is represented by the model.
Consequently predicted velocity profiles
in the vicinity of the wall should be
regarded only as a first approximation.

In order to circurnvent these difficulties
the following assumptions will be made.

1. The wall exchange process on the
average can be represented by the motion
of masses of fluid possessing a fixed
velocity u;, and a fixed wall—contact
time 6.

2. The transport of momentum within
any one of these masses can be repre-
sented by the equation

du_p (a u)
EY: dy*

By use of the boundary

(14)

conditions
y =0 u=20
y= o uU = u
=20 U = U

Equation (14) may be solved to give the
velocity distribution and the instan-
taneous rate of momentum transfer with
the wall for a fluid mass which has been
in contact with the wall for a time 6 (6).

y

24 /‘—‘ )
p

u = ug erf

(15)
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Tofc = puL\’p‘;rLO (16)
Now the probability for a fluid mass to
have been’in contact with the wall for a
time between 6 and 6 + df is

we) ap = 22 ©

c

Averaging the effect of all masses in
contact with the wall gives the predicted
measured velocity distribution and the
predicted measured rate of momentum
transfer to the wall

fe
u=—Lf orf (—¥—\do (17
04: o 2 E 0
Vp
L [ g2
Tode = UL per iy
= 2pu, (18)

pr 0c

By use of Equation (18), the expression
for the velocity distribution, Equation
(17), may be put into a form which can
be compared with experimental data:

u _ UL
V To/ \/;/_P

/; erf <yu\,27—\ojp—\:/—> ( >(19)

Equation (19) gives a first approximation
of the velocity profile in the vicinity of
the wall based on the discontinuous-film
model using the assumptions outlined in
this section. Essentially it embodies one
arbitrary constant, u,/ \/,T/p

In order to carry out a comparison with
experimental data it has been assumed
that

= 13.5 (20)

UL
\/‘70/ P
This expression arises from a considera-
tion of measurements of velocity profiles
(2 and 3). When these data are plotted
on semilog paper two distinet regions are
noted. The major portion of the data fall
on & straight line. However, very close
to the wall there is a break from this
linearity. The portion of the field repre-
sented by the straight line has usually
been referred to as the turbulent core and
the nonlinear region has been referred
to as the buffer layer and the laminar
sublayer. 1t seems reasonable to assume
that the latter region is the one over which
the influence of the wall is felt. Therefore
the fluid masses moving against the wall
have been assumed to possess a velocity
equal to that at the break point. This
break point occurs at y* = 30 and the
value of u//7,/, represented by Equa-
tion (20).
Substituting Equation (20) into Equa-
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tion (19) results in the following relation
between u* = u/+/r,/, and y*.

= 13.5

'fol ert <13 5 xy4\>ir\/0_/') <6)

Owing to the boundary conditions se-
lected, u = u;, at y = =, onc would
expect the foregoing expression to hold
only for values of y* much less than 30.

Equation (21) has been plotted in
Figure 2 along with experimental data
presented by Deissler (3). The agreement
is far better than would be suspected.
Actually even better agreement would
have been obtained by use of a larger
value of ur/+/7,/p in Equation (19).

LI, 21
'\/TO/P ( )

NOTATION
C = concentration
C. = concentration of diffusing ma-

terial in fluid mass before contact
with the wall

Cw = concentration at the wall
d = pipe diameter
D = molecular diffusion coefficient
f = Fanning friction factor =
470/ (YopUe?)
K = mass transfer coeflicient =
N4/(CL — Cw)
N4 = rate of mass transfer per unit area
Re = Reynolds number = (dUqp)/u
2s = length of side of square pipe
u, U = velocity in axial direction
U, = average fluid velocity
u;, = velocity in axial direction of fluid
mass before contact with the wall
ut = w/V(rg.)/p
y = perpendicular distance from the
wall
Y=YV (reg.)/p P/
8, = thickness of laminar sublayer
6 = time
0. = total time for which a fluid mass
had been in contact with the wall
u = fluid viscosity
p = fluid density
T = constant appearing in distribu-
tion function
7o = shear stress at the wall
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